Abstract: Numerical models play an important role in the design of the optical fiber drawing process for tailored mechanical properties and optical transmission characteristics. The rigorous part of a numerical fiber drawing model is the determination of the neck-down profile, which is calculated based on a force balance along the fiber axis, requiring intensive numerical iterations for solution. An alternative approach has been the use of an empirical neck-down profile based on experimental results; however, this approach is restricted to the simulation of the particular drawing conditions used in the experiments. This paper presents an approach to numerical simulations of an optical fiber drawing process where an analytical hyperbolic tangent function is used to describe the neck-down shape in a generalized manner, and the parameters of the function are determined based on a force balance for the drawing conditions. The physical model is based on a 2-D numerical analysis of the flow, heat, and mass transfer phenomena involved in the drawing and cooling processes during the manufacturing of optical glass fibers. The effects of fiber draw speed, maximum furnace temperature, and the furnace length on the neck-down profile are investigated and discussed in terms of the final fiber radius and the draw tension. The approach provides for computationally efficient process simulations without the need to fit the neck-down profile to experimental data.
Introduction
The typical steps in the manufacture of optical fibers consist of preform fabrication, fiber drawing, cooling, and coating. The silica glass preform is drawn to a desired fiber diameter by radiation heating to above its melting temperature under an applied axial tension during which the preform encounters a drastic change in diameter and temperature. Upon exiting the furnace, the temperature of the drawn fiber is lowered from around its melting temperature of approximately 1900 K to below 500 K through convective and radiative cooling [1] - [4] . The neck-down from the preform diameter to the final fiber diameter is, therefore, critical since it governs the geometry in the furnace and, in turn, the final fiber quality.
Computational modeling of the drawing process is governed by the conservation of mass, momentum, and energy [1] and plays an important role in the process design [1] - [4] . In a computational modeling of the process, the boundary of the fiber during the process, i.e., the neckdown profile, is unknown a priori and must be determined as part of the solution. Thus, although the solution of the governing equations of continuity, momentum, and energy for the process is established, the computational challenge and the limitation to the current approaches lie in the determination of the neck-down profile, which is addressed in this paper. There are currently two approaches to the treatment of the fiber neck-down profile in computational modeling.
1) In one approach, the neck-down profile is approximated as an arbitrarily chosen logarithmic function of an eighth-order polynomial [2] , [4] , in which the 12 coefficients were obtained from a regression fit to an experimentally measured profile reported under specific draw conditions by Paek and Runk [1] . This empirical profile has been used in several simulations for a wide range of parameters in the literature, even though the empirical function is really valid for the one particular neck-down profile measured experimentally, and its use for other operating conditions will not satisfy the force balance required by the physics of the problem. Moreover, the accuracy is limited to the error of the least-squares regression through the experimental data. 2) An alternative approach is to determine the free surface of the neck-down profile through numerical solution of the governing fluid mechanics and heat transfer with assumed and iteratively refined fiber radii at several discrete locations along the fiber axis until the force balance is achieved at the chosen discrete locations. This approach is hugely computationally intensive and was presented by Choudhury et al. [3] . It is evident that an effective and computationally efficient approach to predicting the neck-down profiles in a generalized manner applicable to all processing conditions is necessary for a modelbased process design. To this end, this paper presents a simpler and elegant method to generate analytical neck-down profiles as part of the solution to the coupled transport and energy equations. The profile is expressed as a hyperbolic tangent function parameterized in terms of four constants that are determined using a computational fluid mechanics and heat transfer analysis of the process such that a force balance is achieved along the length of the drawn fiber. For a given configuration and condition of the fiber drawing, an optimization problem is formulated and solved interactively with the computational fluid mechanics and heat transfer equations to determine the parameters of the analytical neck-down profile with the objective of minimizing the axial variation of the draw tension to be nearly a constant. The analytical profile in combination with the computational solution of the governing conservation equations provides for faster, yet accurate, simulations compared with the fully computational determination of the neck-down profile in Approach 2) above. An illustration of the effectiveness of the generated neck-down profiles is presented in terms of a systematic exploration of the effects of several operating parameters on the neck-down profile.
The optical fiber drawing model is briefly described in Section 2, followed by a discussion of the results of the parametric studies leading to identification of process design maps of the fiber radius in terms of the draw speed, furnace temperature, and furnace length in Section 3.
Computational Model of Optical Fiber Drawing
A comprehensive 2-D numerical model on the flow, heat, and mass transfer phenomena involved in the drawing and cooling process of glass optical fibers, presented by Yan and Pitchumani [4] , is used to numerically simulate the optical fiber-drawing process. Fig. 1 shows a schematic of the drawing and cooling sections considered for the modeling. In the drawing process, laminar axisymmetric flows of the glass preform/fiber and inert gas in a cylindrical furnace are studied. The source material in the fiber-drawing process is a preform made of doped silica glass ðSiO 2 Þ, which is typically fabricated using a modified chemical vapor deposition (MCVD) process. The dopant is necessary to either increase or decrease the refractive index to produce an optical fiber [5] . In the drawing region, the preform rod is heated above its melting temperature, and subsequently, the softened silica glass preform is drawn in the axial direction under tension. The fiber then undergoes both natural and forced convective cooling before being passed through a polymer bath, where a thin coating layer is introduced to protect the fiber from external damage.
For simplicity, the model assumes that the flow and temperature fields are not significantly affected by the dopant, which is taken as GeO 2 in this study. Considering the process to be at steady state, the conservation equations for mass, momentum, and energy transport can be expressed as
where all the terms carry their standard definition, which may be found in [4] . The above equations are applicable for the entire drawing and cooling sections, with the exception of the energy equation [see (5) below] in which viscous dissipation is negligible in the inert gas in the furnace and cooling sections. Both natural convective cooling and forced convective cooling are studied; for natural convective cooling, a known convective coefficient is assumed here using experimental results cited in the existing literature, as documented in [4] , whereas for forced convective cooling, the complete governing equations are solved for fiber and cooling gas. At the entrance to the furnace, the temperature of the preform and the inert gas are taken as constant at room temperature. The axial velocities of the preform/fiber and inert gas are uniform, while the radial velocities are zero. The velocity normal to the interface of the preform/fiber and the inert gas is zero, while the velocity along the interface is continuous on both sides. The velocity is obtained by applying continuity of shear stress at the preform/fiber-inert gas interface. The temperature is continuous, and the heat flux satisfies the following condition:
where the radiation heat flux at the surface of the preform/fiber q rad is computed using an enclosure model [2] with the enclosure composed of furnace wall, outer surface of preform/fiber, and the inlet and outlet of the inert gas. The gas within the radiative enclosure is treated as nonparticipating. Upon exiting the furnace, the fiber is near its melting temperature and has to be cooled before coating can be applied. As seen in Fig. 1 , the fiber is first cooled by natural convection to the surrounding air. However, in high speed drawing, natural convection alone is usually insufficient to lower the fiber temperature to the level required by the coating process, and supplemental cooling using forced convection is necessary. For forced convective cooling, the gas enters the cooling tube with a uniform axial velocity at room temperature. A no-slip condition is applied to the cooling gas at the wall, where constant room temperature is assumed. The interface of the fiber and the cooling gas is governed by a continuity of the velocity and shear rate, temperature, and heat flux. At the outlet of the cooling region, the velocity and temperature profiles are considered to be fully developed such that their axial gradients are zero. At the junction of the drawing region and cooling region of the fiber, a continuity condition is applied to temperature, heat flux, and mass flux. The heat flux leaving the outlet interface of the drawing region through conduction equals the heat flux entering the inlet interface of the cooling region through conduction. All the thermophysical properties of the preform/fiber, the inert gas, and the cooling gas are taken to be temperature dependent.
In the furnace, the diameter of the preform changes drastically in the axial direction. The glass preform has a streamwise variation in radius r ðzÞ as it undergoes neck-down into a fiber. As mentioned previously, this profile depends on the forces acting at the surface and should be obtained as a part of the solution. However, in the interest of reducing the computational intensity of the simulations, the neck-down shape is described using a parameterized analytical function, whose parameters are determined interactively with the process simulation based on the governing physics of the process for the draw conditions being simulated. Recognizing that the neck-down shape is typically sigmoidal in shape, a hyperbolic tangent function is chosen to analytically represent the neck-down profile as
where c 1 , c 2 , c 3 , c 4 , and c 5 are the parameters that determine the neck-down shape of the fiber preform during the drawing process. For a specific drawing process configuration, a unique neckdown shape can be determined based on the resulting draw tension, which has to be uniform along the z-direction. In this study, the initial preform radius, r 0 ¼ r ð0Þ is fixed, and the final fiber radius, r f is defined as the radius at location, z f , the end of the drawing region, as r f ¼ r ðz f Þ. Thus, from (6), the coefficients c 1 and c 2 can be expressed as functions of c 3 , c 4 , c 5 , r f , and r 0 . The four unknown parameters (c 3 , c 4 , c 5 , and r f ) of the hyperbolic tangent function presented allow for the sigmoidal shape to be stretched longitudinally and radially as needed to represent the neckdown profiles in a generic manner for various conditions of the draw. Furthermore, in contrast to Approach 1) in Section 1, the analytical hyperbolic tangent function is not fit to any existing experimental profile but is determined to satisfy the governing physics of the process for the draw conditions being simulated, thereby rendering the approach generally valid. The conservation equations of mass, momentum and energy are coupled in the drawing and the cooling regions since the properties of the preform/fiber and inert gas are all temperature dependent. Zero flux condition is applied to all the transport variables at the centerline of the preform/fiber, and a fully developed condition is used for the flow and temperature for the inert gas at the furnace outlet. A control volume based finite-difference method is used to discretize the governing equations and boundary conditions. A nonuniform grid mesh was used in the entire computational domain, and a staggered grid structure was used in solving the Navier-Stokes equations to avoid unrealistic velocity solutions. The power law scheme [6] was used to represent the transport properties on the control volume surfaces, and a SIMPLER algorithm was adopted to solve the Navier-Stokes equations [6] . In all the calculations, the convergence criterion of the numerical solution for the temperature and velocity fields was that the relative errors between two consecutive iterations are less than 10 À8 . Further details of the boundary conditions and the solution procedures for solving the temperature and velocity distributions may be found in [4] and [6] .
The draw tension is a resultant of all the forces acting on the fiber, which consist of forces due to viscous stress, surface tension, inertia, and shear force exerted by external fluid, of which the viscous force is the dominant, as reported by Paek and Runk [1] . Accordingly, the local tension is approximated by the viscous force which is related to the rate of elongation as [1] F T ðr ; zÞ ¼ 3A @v @z
where is the temperature dependent glass melt viscosity, A is the cross sectional area of fiber core, z is the distance in the axial direction of the fiber, and v is the axial component of the local velocity. At an axial position z, the average draw tension can be expressed as
Using the information on the temperature and velocity profiles, the draw tension along the axial (z-) direction can be calculated based on (8) . Note that F T ðzÞ should be a constant along the axis in an actual process and in an exact solution of the model. In a numerical simulation, a certain variation will be expected along the length especially prior to numerical convergence. A measure of draw tension uniformity " T is defined as the deviation from the average draw tension along the axial direction as
where F T is the average of the draw tension along the axial direction. An optimization algorithm is employed to determine the neck-down shape, represented by the parameters c 3 , c 4 , c 5 , and r f , in (6) , which produces the draw tension profile with minimum average deviation " T . The optimization problem was solved using the Nelder-Mead simplex method [7] combined with a simulated annealing technique [8] to improve the effectiveness of the search [9] . The Nelder-Mead simplex method is an algorithm that performs continuous search to select a new point during an optimization iteration, which guarantees objective function improvement. Further details on the Nelder-Mead simplex algorithm, including the simplex configurations, parameter selection for the various movement, and tie-breaking rules (if two vertices of equal objective function value are evaluated), may be found in [10] . In the Nelder-Mead method, the decision to accept or reject each movement is made based solely on the criterion of reducing the objective function value. This could potentially result in the entrapment of the solution in a local minimum. However, the Nelder-Mead method, combined with a simulated annealing technique, provides for probabilistic acceptance of solutions [11] , which offers a better opportunity to arrive at a global minimum.
The results of the simulations using the parameterized neck-down-shape approach are presented in the next section.
Results and Discussion
The numerical process simulation model was validated with data available in the open literature as shown in Fig. 2 , where the neck-down shape and fiber temperature distribution obtained using the current approach are compared with the measured data reported in [1] . Fig. 2 Fig. 2(b) ], respectively, where it is seen that the neck-down shapes obtained using the present approach are in good agreement with the experimental data. The axial temperature distributions in the fiber preform during the drawing process are shown in Fig. 2(c) and (d) for the draw speeds of 1 m/s and 3 m/s, respectively. The experimental data indicates that the temperature increases as the preform goes through the furnace, reaches a maximum and decreases as toward the furnace exit. This trend is closely matched by the numerical simulation results for both line speeds, as seen in Fig. 2(c) and (d). The numerically computed average draw tension is 15.7 g for the draw speed of 1 m/s, while that for u f ¼ 3 m/s is 46.9 g; these predictions also compare very well with the corresponding reported values of 16 g and 48 g, respectively, as reported in [1] .
In this study, the preform is considered to be made of Germanium(IV)-oxide-ðGeO 2 Þ-doped silica ðSiO 2 Þ. For all the results shown, unless otherwise specified, the following conditions are employed: The properties of the fiber and gas are taken to be temperature dependent. Draw speeds of 1, 2, and 3 m/s are considered, and the corresponding preform velocity at the furnace entrance is determined as the product of the draw speed and the square of the ratio of the final fiber radius to the initial preform radius to preserve the same volumetric flow rate between the entrance and the exit of the furnace. The entrance temperature for preform, inert gas (air) and cooling gas (Helium) is 300 K, the width of the cooling channel is 0.8 cm, the lengths of the natural and forced convective cooling sections are 0.5 m and 1 m, respectively, and the convective coefficient is taken as 300 W/m 2 K. Three different furnace lengths L F of 15.0, 22.5, and 30.0 cm are considered in this study, while the furnace wall temperature is assumed to take a parabolic profile from the furnace entrance to the exit with the entrance and the exit temperatures being 500 K and the peak temperature inside the furnace being T w , of which three valuesV2250 K, 2375 K, and 2500 KVare considered in the parametric study reported in this Section. The values of other parameters can be found in [4] . Fig. 3 presents semilogarithmic plots illustrating the effects of the three operating parameters: draw velocity [see Fig. 3(a) ], furnace wall maximum temperature [see Fig. 3(b) ], and furnace length [see Fig. 3(c) ] on the neck-down profiles and the corresponding draw tension distribution calculated using (8) in Fig. 3(d)-(f) , respectively. Note that the tension is nearly uniform axially in Fig. 3(d)-(f) , which illustrate the fidelity of the optimization solutions of the parameters in the analytical neck-down profile. The average values of the draw tension in each case are indicated as F T ðaveÞ in the figures. Fig. 3(a) shows the effects of draw velocity on the neck-down profile for a fiber drawing process with furnace length L F ¼ 22:5 cm and maximum furnace wall temperature T w ¼ 2375 K. Furthermore, since the draw tension is proportional to viscosity, velocity gradient in the axial direction, and the fiber cross-sectional area A in order to maintain a constant draw tension, the increase in viscosity and axial velocity gradient is balanced by a decrease in cross-sectional area represented by the reduction in radius shown by the neck-down profiles in Fig. 3(a) . It is seen that as the draw velocity increases, the rate of reduction of radius in the neck-down section increases, which results in a smaller final fiber radius. For a fixed furnace length and maximum furnace wall temperature, as velocity increases, the fiber residence time in the drawing region decreases, resulting in lower fiber temperature and higher viscosity and leading to an increase in the draw tension, as shown in Fig. 3(d) , which is also reported by Cheng and Jaluria [12] . As noted in Fig. 3(d) , the average tension increases from 0.68 g to 0.94 g as the draw velocity increases form 1 m/s to 3 m/s.
The effect of furnace wall temperature on the neck-down profile and final fiber radius is presented in Fig. 3(b) for u f ¼ 2 m/s and L F ¼ 22:5 cm, where it is seen that as the maximum furnace wall temperature increases, the fiber preform necks slightly faster, and the corresponding final fiber Fig. 3 . Variation of the radius along the axial direction for different (a) draw speed, (b) peak furnace wall temperature, and (c) furnace length and the corresponding variation of the draw tension for different (d) draw velocities, (e) peak furnace wall temperature, and (f) furnace length. radius also slightly decreases. As the preform temperature increases, the viscosity of the preform decreases, leading to a corresponding decrease in the draw tension, as seen in Fig. 3(e) . It is evident that the furnace temperature has a significant effect on the draw tension, which decreases from 0.78 g to 0.05 g as the maximum wall temperature increases from 2250 K to 2500 K. Fig. 3(c) shows that for u f ¼ 2 m/s and T w ¼ 2375 K, as the furnace length increases, the neck-down rate decreases causing an increase in the final fiber radius. As the furnace length increases, the furnace wall temperature is distributed across a wider length, resulting in a lower temperature in the region close to the entrance which, in turn, leads to a longer neck-down. As the furnace length increases, the draw tension decreases from 1.36 g to 0.65 g for a two-fold increase in the furnace length from 15 cm to 30 cm, as seen in Fig. 3(f) . This trend is due to the smaller axial velocity gradient and the more gradual change of viscosity over the longer neck-down in a longer furnace. Fig. 4 shows the final fiber radius and the average draw tension as functions of draw speed for different furnace wall temperature distribution [see Fig. 4 In all the cases, the final fiber radius decreases as draw speed increases, as shown in Fig. 4(a) and (c), while the average draw tension F T ðaveÞ increases with the draw speed, as shown in Fig. 4(b) and (d) . As mentioned in the discussion of the results in Fig. 3 , the increase in the draw speed increases the neck-down rate, which results in the decrease of final fiber radius. Increasing draw speed decreases the viscosity due to lower glass temperature as a result of the shorter residence time in the furnace and, in turn, increases the draw tension. At a given draw speed, as furnace wall temperature increases [see Fig. 4 (a) and (b)] both the final fiber radius as well as the draw tension decrease. Both effects are due to a decrease in viscosity, which increases the neck-down rate resulting in lower final fiber radius, and simultaneously decreases the draw tension. In Fig. 4(c) and (d) , it is seen that for a fixed draw speed, the final fiber radius increases with furnace length, while the draw tension decreases as the Fig. 4 . Variation of (a) the final fiber radius and (b) draw tension with draw speed for different peak furnace wall temperature, and variation of (c) the final fiber radius, and (d) draw tension as function of draw speed for different furnace length. furnace length increases, which is attributed to slower neck-down due to lower temperature near the entrance, as explained previously in the discussion of Fig. 3 .
The results in Fig. 4 can be used to construct design charts which identify the final fiber radius and the draw tension as function of the furnace length L F , draw speed u f , and maximum furnace wall temperature T w . The design contours for the final fiber radius as a function of draw speed and maximum furnace wall temperature are presented in Fig. 5(a)-(c) , respectively, for the three different furnace lengths studied. Similarly, Fig. 5(d) -(f) present contours of the draw tension as function of the maximum furnace wall temperature and the draw speed for the three different furnace lengths. Fig. 5(a)-(c) show that the final fiber radius decreases with an increase in both draw speed and furnace wall temperature, while Fig. 5(a)-(f) shows that the draw tension increases with draw speed but decreases with the increase of furnace wall temperature. The figures also indicate that the final fiber radius increases with furnace length, but the draw tension decreases with increasing furnace length.
The contour maps may be used to obtain process designs for target objectives. For example, drawing a fiber of radius 80-m may be accomplished by any of the furnace wall temperature and draw speed combinations along the 80-m contour lines in Fig. 5(a) and (b) , or in Fig. 5(c) with the corresponding furnace length. Considering the extreme temperatures of 2250 K and 3 g; 3) 0.045 g; 4) 0.78 g; 5) 0.038 g; and 6) 0.65 g. While any of the parameter combinations of the 80-m contours will lead to the desired final fiber radius, if the objective were further to minimize the draw tension, the furnace temperature, and the manufacturing time (equivalently, maximizing the draw speed), an objective function may be formulated as T w Á F T =u f , which is minimized for the parametric combination 5) given above.
The results presented demonstrated the effectiveness of the analytical approach to describe the neck-down section of the fiber-drawing process. The design maps provide for ready identification of parameter combinations for desired processing objectives. The computational savings afforded by the technique presented provides opportunities to reduce the computational time associated with other model-based design approaches, such as model-based numerical optimization and analysis of the manufacturing process under uncertainty.
Conclusion
An approach for numerical simulations of an optical fiber-draw process was presented, where the neck-down shape is represented by an analytical function whose coefficients are determined using optimization of the uniformity of the draw tension. A parametric study on the effects of draw speed, furnace wall temperature, and furnace length was conducted, where it is shown that the final fiber radius increases with the furnace length but decreases with an increase in draw speed and furnace wall temperature, while the draw tension increases with the draw speed and decreases with increasing furnace wall temperature and furnace length. Overall, the methodology presented to describe the neck-down profile during an optical fiber-drawing process allows for accurate and efficient simulations without requiring intensive numerical computations.
